
Math Logic: Model Theory & Computability
Lecture 24

Sketch of proof of God Incompletenen .

Def /Informal) . Let t be a finite signature. Call a o-theory I computatable if there is a

computer program such that given a o-sentence as input , answers YES if GET

and NO if Y AT
.

Godel's Incompleteness, Let w : = (P
,
S
, +, %) and W : = (IN

,
0
,
S
,+,) . Then every computable

subley TITC(N) is incomplete. In particular, PA is incomplete.

-

Det(Informal) . For each REINT
, a function f: IN" -> IN is called computable

ifHer i coptprogra change impata
in computable.

Prop . Computable function/relations are arithmetical
,
i . e . definable in W := (N

,
0
,
3
,
+)

Lequivalenty , O-deliable in )
.

Proof. Will follow easily from the def of computable , once given

Coding of taples of natural numbers and formulas . "Clearly" the function Nit P =

N prime number is computable and thus the function ...ip: IN"-> IN+

ection
.

the functionis a computable ing Furthermore
,

(ny-ynx)tD," ph .. Pr
<...> : IN N- IN + is also a injective and its left-inverse is computable
1 < Ih()

,
<Unlat)



in the following serve that the decoding functions
1 : IN -> IN auc ( %): IN> IN for each IEI

n 15 the largest Is .
t
.
P, In (n

,
i) it the largest I st

. P& In
if n + 0 and is I (n)

are computable. and O otherwise.

We now use this to encode Turkm := 10, 3 , +,) - formats as follows.
Encode the Alph(Tarta) by the following unaber :

St, Y,

and we denote the umber corresponding to a symbols Alpharal by cls).
E .g . <(1)

= 4 and < (rz) = 28 .

Next
, we encode any word W : = (No

, ...,
Weal - Alph (ramal " by the

number SWT := < lol
,
<(i)

, ..., C week . This gives a encoding ly bo each

Furthe formula 0.

Prop . Because recessive definitions are programmable ,
the following sels are reaper

table : Formaks(Tarm)
,
Sentences (intm)

,
edc .

In particular , the following function is computable :

Sub : IN"-> I
defined by setting Sub

o
(n ,
m) : = Sym/rol

,
if n = '" fr some fam-form

In Y, aud & otherwise. Recall At in : = SIS( ... S(0) ...). As meationed
u

above
, computable functions are arilhatic

,
and m

we let suboly,z)



be the t-arthm formula chining this function
,
se

. defining it graph , so
for any n

,
m

,
K EIN

,
we have but

sabolu ,ml = k iff NE Subolu
,
m
,
b)

We now prove a lemma
,
which in a sease , implies that there is a program

that prints its ownrode. This is made possible by the fact but we can

use the symbol Vo in two wags as a symbol and as variable But
Ehas content

. This is possible even in nglish :

Quine) Write the following sentence in quotes twice
,

the secondhims with notes :

"Write the following sentence in quotes twice
,

the secondhims with notes : "

Fixed Point Lemma (for N). For each extended Farma-formula 4/vol Where is a fath-

sendence o such that NF - Y18%)

Remark
.

This establishes a bridge between the code of O and and the inter-

preduction of O
, just like in the English sendence above.

Proof . Take Y : = 7z(Subolro
,
vo
,
z) 14171)

,
so Yvo) is an extended formula

and let m : = T
. Let F := 4/m/rol where i.= < (S / ...Soll ... ).
i

Note that Subolm
,m) = Jubo (14 m) = 4(M/." = If?

~

Thus
,DE Subolm

,
m
,
8. Now watch the magic :

NEO iff NE YIm/ro
iff ↓ EFz (Siboli

,
in
,

z) 14(z)
iff there is beN st

. NE Subolm
,
m
,
b) 14(6)

iff E Subo (m
,
m
,
87) 14/84

(48) iff IF -187 .

: - P


